A survey of the asymptotic behaviour of maps  by Bender, Edward A & Richmond, L.Bruce
JOURNAL OF COMBINATORIAL THEORY, Series B 40, 297-329 (1986) 
A Survey of the Asymptotic 
Behaviour of Maps 
EDWARD A. BENDER* 
AND 
L. BRUCE RICHMOND+ 
University of California, San Diego, California 92037 
University of Waterloo, Waterloo, Ontario N2L 3G7, Canada 
Communicated by the Managing Editors 
Received December 15, 1984 
A survey is given of the asymptotic enumeration of maps. The asymptotic for- 
mulas for both rooted and unrooted maps on surfaces are discussed. All results 
known to use concerning random maps are described. The techniques used to 
derive these results are briefly discribed. The survey concludes with open problems 
and areas for future research. 0 1986 Academic Press, Inc. 
1. INTRODUCTION 
The graphs discussed here are unlabelled, finite, and connected. Loops 
and multiple edges are allowed. A map is a graph which has been embed- 
ded in a surface. Almost all authors take the oriented plane or the oriented 
2-sphere as the surface. A map A4 on the plane or disc is rooted when an 
edge in the boundary of M is chosen and one of the vertices incident with 
this edge is chosen. A map on the sphere is rooted when an edge e is 
chosen, a vertex incident to e is chosen, and a face incident with e is 
chosen. Rooted maps of the same graph on the sphere and on the plane are 
equivalent because the rooting defines the exterior face of the map in the 
plane, i.e., the infinite face. A purely combinatorial definition of a map on 
an oriented surface has been given by Edmonds [22,23]. This definition 
has been used for enumerative purposes by Walsh and Lehman (see 
[59-63]), however, it should be noticed that in the purely combinatorial 
approach two maps are considered equivalent if they are related by an 
orientation-preserving homeomorphism. See Tutte’s paper [SO] in this 
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connection. Brown [ 131 has considered maps on connected compact 2- 
manifolds without boundary. In Brown’s work and in most papers on maps 
two maps are considered equivalent if they are related by an orientation- 
preserving or an orientation-reversing homeomorphism. In all delinitions 
the number of faces, edges, and vertices are related by the Euler relation. 
Thus enumeration according to two of these parameters gives the 
enumeration according to any other two of these parameters. It also means 
we may speak of the number of faces of a graph, if the Euler characteristic 
of the surface of embedding is given. 
In this paper we let l-c, 2-c, etc., denote l-connected, 2-connected, and 
so on. Since the definition of k-connectivity relevant to maps differs from 
that used by most authors for graphs we now define k-connectivity. (All 
authors use the standard definition of a connected graph.) Suppose G is a 
connected graph. For any positive integer n we define an n-separation of G 
as a partition of the edges of G into two subgraphs H and K such that 
H and K have exactly n common vertices and 
(ii) H and K each have at least n edges. 
We say G is m-connected, where m is a positive integer, if it has no n- 
separation for any n cm. (Note that when defining k-connectivity most 
authors replace (ii) by (ii’), stating that H and K each have a vertex not 
belonging to each other.) A map is k-connected if its graph is. Thus l-c 
simply means connected. The vertex map and the edge map are 2-c. A 2-c 
map does not have a loop and a 3-c map does not have multiple edges. The 
term non-separable is often used in the literature for 2-c. 
The asymptotic behaviour to which we refer in the title may be simply of 
the number of graphs in a category or, as the subject of random graphs has 
made popular, of the fraction of those graphs which are in some sub- 
category (e.g., almost all 3-regular maps are not Hamiltonian). We will 
compare and contrast the results, problems, and techniques of general 
graph theory and map theory in this area. Of course, there are considerably 
fewer results for maps because of the difficulty of incorporating the planar 
embedding requirement. Less obvious is the fact that, to date, this 
requirement has forced researchers to start with exact enumeration for- 
mulas. This contrasts with random graph results where exact formulas are 
rarely needed, e.g., see Bollobas [ 8 3 and Wright [68]. Thus, unlike the 
situation with general graphs, the study of random maps has so far 
required non-trivial exact enumeration results as a starting point in all 
cases. 
Sections 2 and 3 deal with techniques, Sections 4 through 6 with results, 
and the final section with open problems. The results and most of the 
problems can be understood without reading Sections 2 and 3. 
THE ASYMPTOTIC BEHAVIOUR OF MAPS 299 
In the next section we discuss briefly the methods for obtaining infor- 
mation about generating functions for rooted maps. They were started by 
Tutte about 25 years ago and lead to functional equations. A typical 
equation will either intertwine two map generating functions or relate a 
function to itself evaluated at a particular point. As in the study of graphs 
in general, Burnside’s Lemma is relevant when we wish to remove the 
rooting of a rooted map. Unfortunately, the functional equations resulting 
are difficult to solve even in those rare cases in which it has been possible 
to derive them. 
Section 3 deals with the question of how to obtain information from the 
functional equations. Lagrange inversion is frequently applicable and can 
lead to anything from a pretty formula to an intractable multivariate sum- 
mation with alternating signs. Good taste has precluded the publication of 
these latter monstrosities except in the most important cases. This may 
have led to some losses because Tutte [54] has managed to obtain 
asymptotic results from an apparently intractable sum. When Lagrange 
inversion fails, it seems necessary to study the singularities of the 
generating functions through the veil of the functional equations and call 
upon complex analysis to obtain information. 
The enumeration of rooted maps, the best developed area of asymptotic 
map theory, is the subject of Section 4. A detailed discussion of the results 
would take up too much space, so we have grouped them according to 
problem, indicated the method, and provided a reference. 
Section 5 deals with unrooted maps. As is the case with graphs, almost 
all maps in nearly any given category have no symmetries. At least, that is 
the usual conjecture. This trend seems even stronger for maps than graphs 
since embedding a graph often removes symmetries. For example, almost 
all trees have symmetries but almost all plane trees are asymmetrical. The 
results pertaining to orientation-reversing symmetries are fragmentary. 
Section 6 may have a somewhat misleading title but it allows us to point 
out the similarities between some topics in map theory that are rather dis- 
similar in graph theory. This section deals with connectivity, Hamiltonicity, 
and the four-colour theorem. 
The purpose of this paper is to survey the asymptotic enumeration of 
maps. Hence we have attempted to reference only those papers in which 
asymptotic estimates are given or may be immediately obtained from the 
results thereof. We have not attempted to reference different papers giving 
the same result. Nevertheless, there almost certainly will be papers we have 
overlooked and we hope to hear about these from readers. There are sur- 
veys on enumerative map theory in the literature, see Tutte [49] and Lui 
Yanpei L-69). We do not discuss the extensive subject of planar trees. 
582b/40/3-5 
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2. OBTAINING FUNCTIONAL EQUATIONS 
The most successful technique so far for deriving recurrences that 
enumerate rooted maps involves erasing or otherwise modifying the root of 
a rooted map in such a way as to induce a unique decomposition of the 
rooted map into one or several of the same type, but for which the sum of 
the relevant parameters is less. It is usually necessary to introduce a new 
parameter, often the valency of the external face. The recurrence is usually 
expressed as a functional equation for the generating function which will 
normally therefore involve at least two variables. To illustrate this techni- 
que and to make this paper as self-contained as possible we now give some 
examples. We start with Brown’s [ 171 treatment of 2-c maps. In this exam- 
ple not only the generating function B(x, y) but also B(x, 1) appear in the 
functional equation, a typical phenomenon which leads to difficulties. Let 
A4 be a 2-c map with n edges and external face of degree m, which is called 
of type [n, ml. Let B,,, denote the number of such maps and 
B(q) = f f Bn,,x”yrn = f B,(x) ym. 
n=2m=2 m=2 
Let M be a rooted 2-c map with at least two edges. Let R denote its root 
edge and let p and 4 denote R’s tail and head, respectively. Let r1 and r2 
denote the boundaries of the external and internal root faces, respectively. 
The orientation of R induces an orientation in the edges of rr. Let M’ be 
the map obtained from M by erasing R and merging the internal and exter- 
nal root faces. Tutte’s Lemma [54] states that u is a cut-vertex of a map A4 
if and only if there is a face of A4 which is incident with D more than once. 
Proceeding from 4 = a, along rr in the direction of the orientation we label 
the cut-vertices (if any) of M’ by a,, a2 ,..., ak and set p = ak + 1. From Tut- 
te’s Lemma it follows that the ai are distinct and that A4 can be thought of 
as a ring composed of R plus a sequence of 2-c submaps Mi, i = 0, l,..., k, 
(each it4i is possibly just an edge), where Mi is incident with ai and ai+ 
and with the internal and external root faces of A4. Each Mi will be of typ 
[ni, mi] (a single edge has type [l, 21) and let hi be the number of edgts 
which Mi contributes to the external face of M. Then 
O<hi<mi (2.la) 




Conversely, any ordered selection of k + 1 rooted non-separable maps of 
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types [ni, mi] with associated indices hi satisfying (2.1) determines a rooted 
non-separable map. Thus 
B n,m = 5 C Ii Bn,,m, 
k=O i=O 
(2.2) 
where the second sum is over all ordered sets of positive integers 
h, n2,..., nk; ml, m2,..., mk; hl, L..., hk) satisfying (2.1). Equation (2.2) is 
equivalent t 0 





l- f Bm(x)[y+y2+ ..a +y”-‘l-xy 
m=2 
f B,(x)[y+y”+ ..a +y”-‘l+xy 
m=2 
and so 
(~-Y)(~-xY)- f  Brn(x)[IY-Y"l B(x,.Y) 
m=2 
f Bm(x)CY -Yml+xY(l-Y) 
m=2 
This can be rewritten as 
{(I-y)(l -xY)-YB(x, l)+Btx,y)) B(x,Y) 
= xy{yBtx, lbB(x,y)+xytl -Y>> 
or 
B2(x,y)+ L-1 -y++~~--yB(x, 111 B(w) 
- xy’[B(x, 1)+x(1-y)] =O. (2.3 ) 
This concludes our first example. 
Next we present Tutte’s [49] enumeration of rooted 2-c near- 
triangulations. A near-triangulation is a map, A4, in which every face except 
possibly the external root face is a triangle. Let m denote the degree of the 
root face and t the number of internal faces. Set 
q = q(x, 2) = c &M)Z"(M) 
M 
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h(z) = c Z’tN) 
N 
where N runs through the set of rooted 2-c near-triangulations M with 
m(M) = 2. Note that h is a power series in z*, say H(z*), since t(N) is even. 
Although h is not q(x, z) with x assigned a value, a functional equation 
may be derived in a manner somewhat similar to the previous analysis. 
Suppose that M is not simply an edge. Since the internal root face has 
valency three there is either one or no cut-vertex in the map M’ (M’ 
defined as before). Hence there are two cases to consider. In the first case 
we have two near-triangulations: M1, incident with a,, and M2. We may 
take aOal as the root of M1 and ala2 as the root of M2. The terms of q 
corresponding to the first case are the terms of the series 
x-‘zq2. 
In the second case the deletion of the root edge gives rise to a new 2-c near- 
triangulation M, with m(M) > 3. (If a, denotes the third vertex of the 
interior face we take the root of M1 to be the a, a, edge again.) Subject to 
this condition we may reverse the construction and obtain a unique M 
from a given M1. The terms of q corresponding to the second case are the 
terms of the series 
x- ‘z(q - x*h). 
Since we count the single edge as a 2-c near-triangulation we have the iden- 
tity 
that is, 
zq* + (z-x) q + x3 - x*zh(z) = 0. (2.4) 
In many papers on planar enumeration quadratic functional equations 
like (2.3) and (2.4) are involved. The first step towards obtaining 
“solutions” to such equations is usually to rewrite them in terms of more 
suitable parameters using the quadratic method, which we now discuss. 
The discriminant of (2.4) is 
D = (z - x)” - 4z(x3 - x*zh) 
and we may rewrite (2.4) as 
{zq-(z-x)/2)*= D/4. 
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Hence D is a formal power series in z and x which is a square. Brown [ 141 
gives a necessary and sufficient condition for D to be a square (see Brown 
[ 121 for the extension to k powers). For our present purposes it suffices to 
use Brown’s argument that if D is a square and D = 0 on a curve, then 
dD/dx = 0 on that curve and we have two equations to determine z and 
h(z) in terms of X. We arrive at the same conclusion following Tutte’s 
procedure in [49], i.e., setting zq - (z-x)/2 = 0 hence D and dD/kc = 0. 
(Tutte lets x = [ to signify that x and z define a curve D = 0 and are not 
independent variables.) In either case when h is eliminated from the 
equation D = dD/& = 0 we have 
z = (( 1 -X2) 
z*h = t*( 1 - 3t*). 
Letting 8 = r2 we have 
z* = e( 1 - 2e)* (2Sa) 
z*h = tl( 1 - 38). (2Sb) 
It is now possible to solve for the coefficients of h and q using Lagrange 
inversion. 
We now give an example which illustrates that the quadratic method 
may benefit greatly from intelligent guessing and also that the resulting 
sum may pose problems when asymptotic results are required. Consider 
Eq. (2.3). If one applies the quadratic method as described above one 
obtains two equations from which one of X, B(x, 1 ), or y may be eliminated 
using rather tedious algebra. Hence x and B(x, 1) may be expressed in 
terms of a single parameter. It may well be more efficient to do as Brown 
[ 171 does. First compute coefficients recursively and conjecture that the 
coefficient of X” in B(x, 1) is 
2(3n - 3)! 
n! (2n- l)!’ 
Then set x = u( 1 - u)*, B(x, 1) = u’( 1 - 2~) (a substitution consistent with 
the conjecture by Lagrange’s Theorem). It is easily checked that these sub- 
stitutions solve (2.3), and that in (2.3) (and also in the two functional 
equations defining the substitutions) the coefficients in both B(x, v) and 
B(x, 1) may be computed recursively. Hence, verifying that this solution of 
(2.3) satisfies the appropriate initial conditions (which is easy) implies that 
it yields the unique correct solution for B(x, 1). With these substitutions, 
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z=uy and u=l- u, (2.3) may be rewritten and solved as a quadratic 
equation to give 
which Brown shows is 
= i ,y’ (j- 2)!m(3m - 2j- 1) dvmym. 
m=2 j=m (j-m+ l)!(j-m)!(2m-j)! 
Lagrange’s Theorem applied to x = u( 1 - u)~ gives 





m-2j- 1)(2j-m)(j-2)!(3n-j-m- l)! 
j=m (n-j)!(j-m)!(j-m+ 1)!(2m-j)! ’ 
n>m>O. (2.6) 
Another problem in planar enumeration which leads to functional 
equations is to express one enumeration problem in terms of another. We 
illustrate by giving Tutte’s [49] enumeration of 3-c rooted triangulations 
using results from the enumeration of 2-c rooted triangulations. Each 
rooted 2-c triangulation T has an associated rooted 3-c triangulation S(T) 
from which it is derived by splitting some of the edges into digons and then 
triangulating the insides of these digons. The root edge may be split in this 
way but the outer triangle must be preserved. When the root is split, we 
put the new root on the external face. We write 
1 + c z’(S) = c hi.J2i = h(z2) 
S 
where S denotes a rooted 3-c triangulation having t(S) faces in all. A 
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triangulation with 2i faces has 3i edges and i + 2 vertices. From the relation 
between T and S(T) we find that with the same h as before 
h = 1 + f  hiz2jh3’ = h(z2h3). 
i= 1 
(2.7) 
Unrooted map problems also lead to functional equations. Here it is 
necessary to use Polya-type theory; however, the successes are few and the 
methods varied. The enumeraton of maps non-isomorphic up to orien- 
tation-preserving homeomorphisms has been more successful. We shall sur- 
vey the known results in Section 5. 
3. MILKING FUNCTIONAL EQUATIONS 
The two most successful techniques for obtaining asymptotic information 
from functional equations of the sort arising in planar enumeration are 
Lagrange inversion and the use of contour integration. Lagrange inversion 
gives formulas involving sums of binomial coefficients in these applications. 
These sums often allow one to obtain asymptotic estimates easily but there 
are important exceptions. The contour integration techniques we shall dis- 
cuss are Darboux’s method and central or local limit theorem methods. 
These methods are justified using contour integration techniques; however, 
their use only requires verifying that certain hypotheses concerning the 
singularities of the generating function hold. We shall usually avoid stating 
these technical and rather complicated hypotheses; however, we shall state 
and illustrate the important points by means of examples. We begin with 
some examples illustrating Lagrange inversion. 
In the last section we considered rooted 2-c triangulations and arrived at 
Eqs. (2Sa) and (2Sb). 
z2 = O( 1 - 28)* = 8/G(8) 
z2H(z2) = e( 1 - 38) = F(0). 
Lagrange’s Theorem states that 
00 z2n-2 d”- l(j 
h(z) = H(z2) = 1 --$-d”-‘8 WV) G”(e)) Lo 
n=l - 
=l+ 2 n=l&[w &$yf!+2 
co 
c Z2” 
2”( 3n)! = 
n=O (n+ 1)!(2n+ l)!’ 
P-1 ) 
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Furthermore, as Tutte [47] indicates, a simple expression for the coef- 
ficients of q(x, z) can be derived. In examples such as these, asymptotic 
expressions for the numbers of maps may be derived easily from Stirling’s 
formula n! - (n/e)” $iG. 
The quadratic method may yield complicated but tractable sums. Con- 
sider Eq. (2.6), for example. The standard procedure to find an asymptotic 
estimate for a sum such as this is as follows: Find the maximum term by 
considering the ratio of successive terms, then use Stirling’s formula to 
obtain asymptotic estimates in terms of elementary functions for those 
summands near the maximm. Show that the sum of the terms not near the 
maximum is negligible and finally approximate the sum of the estimates for 
the large terms by an integral. See Bender [2] and de Bruijn [ 19, Chap. 31 
for several such examples. In this particular example, finding the maximum 
term involves solving a cubic equation and leads to computational dif- 
ficulties. 
We now give an example which uses Lagrange’s Theorem for functions 
of two variables and in which the resulting sum is difficult to estimate. In 
the determination of the number, qn,m, of rooted 3-c maps with m + 1 ver- 











(,+:+ 1)3 j=o i=o 
= f  f  (- 1y+++j+ 2)! y’+‘g+ 1 
i! j! 2! 
The Lagrange Theorem for functions of two variables gives 
ri+lsj+l = 
fc 
w xrn.f am+n 
-- {r 
m=O n=O m! n! ~“rd”s 
i+ v+ ‘(t + 1)2n(s + 1)2m}r=s=0 
=~,~oS5[(nz--?-~)(n~~l) 
- 4 (,2117_12)(n2!YjL~)]* 
THE ASYMPTOTIC BEHAVIOUR OF MAPS 




( - l)j”(i +j)! =- m,n i=l j=l 2(i- ' ) ! ( - I+-  ')! 
It seems quite difficult to derive asymptotic information using this sum but 
contour integration techniques are easily used. 
When contour integration techniques are applied to planar enumeration 
one starts from the functional equation defining the generating function. 
Unfortunately it very rarely happens that one can solve the functional 
equation to express the generating function in terms of elementary 
functions (as one can do with rooted plane trees, for example, see Tutte 
[S2]). One may often proceed as follows: Determine the singularities of the 
generating function on its circle of convergence. (Usually there is only one 
or at least after a simple transformation there is only one; if the generating 
function is a function of z*, for example, let x = z’.) Next one determines an 
asymptotic expansion for the generating function in a neighbourhood of 
these singularities. Since one uses ordinary generating functions and since 
the number of maps being enumerated is infinite in the interesting cases, 
the radius of convergence will be finite. Since the number of rooted maps 
with n edges is 2(2n)! 33/n!(n + 2)! = 412”) (see [52]), the radius of con- 
vergence is positive and analytic methods will apply. Furthermore, since 
the functional equations are algebraic, the generating functions have 
algebraic singularities. In those problems where one generating function is 
expressed in terms of another at least one has algebraic singularities and 
hence both have. It is remarkable and fortunate that so often one of the 
generating functions has coefficients with a simple expression in terms of a 
few binomial coefficients. Such a function is a hypergeometric function and 
the branch of interest has only one singularity in the complex plane. This 
often helps one to locate the singularities of the other function and to 
determine its behaviour near those singularities. 
Let us suppose for now that the generating function has one variable. 
Since the coefficients are nonnegative it follows that if R denotes the radius 
of convergence of the generating function then R will be a singularity. 
Furthermore the generating function will be algebraic near R (for the 
reasons we gave). This means that around R the generating function will 
have an expansion of the form 
Cf "Zn = h(z) + zckg(u) 
308 BENDER AND RICHMOND 
where h(z) is analytic at z = R, g(u) is analytic at u = 0, g(0) = a, # 0, 
u=(l - z/R)‘h, j > 0, and a = k/j is not 0, - 1, - 2 ,... . In such a case, 
Darboux’s method applies and gives that (see Bender [2] or Olver [ 391) 
Thus as we stated earlier, it is only necessary to locate the positive 
singularity nearest the origin and the behaviour of the function near this 
singularity to obtain the asymptotics using Darboux’s method. 
We now give an example illustrating many of these ideas and using 
Darboux’s method. The asymptotics in this example may be worked out 
without using the theory of hypergeometric series and Darboux’s method. 
The cases where these methods are necessary are more complicated (see 
Richmond, Robinson, and Wormald [41] or Richmond [44], or example). 
We shall show how it is possible to establish all that is required just using 
the functional equation but shall point out results from map enumeration 
that simplify some of the details. The ideas illustrated in this example are 
basic to the derivation of the results in Section 6 also. 
Consider Eq. (2.7) and let x = z2. We then have 
H(x) = h(xH3(x)). (3.4) 
To apply Darboux’s Theorem to h(y), we need to know its radius of con- 
vergence S, the behaviour of h(y) near y = S, and the absence of other 
singularities of /i on the circle of convergence. This information must be 
deduced from (3.4) and a knowledge of H. As is typical, we will see that 
H has a unique singularity due to a square root branch point. This 
information is then transferred to h via (3.4), uniqueness is proved, and 
Darboux’s Theorem applied. 
We begin by determining S. Since /i has non-negative coefficients, S is a 
singularity of h: If we set y = xH3(x), then (3.4) becomes 
h(y) = H(x). (3.5) 
Let R be the radius of convergence of H. Since H has non-negative coef- 
ficients, dy/dx > 0 for 0 <x < i and so x is an analytic function of y for 
0 < y < RH3(R). We now show that y = RH3(R) is a singularity of h; from 
which S = RH3(R) follows. 
By (3.1) and Stirling’s formula 
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Thus R = 2/27. Note that H(R) and H’(R) exist and are positive but 
H”(x) + GO as x + R-. From (3.4) 
h”(xH3(x)) = H”(x) H3(x) - 6(H’(x))* H(x)(H(x) + xH’(x)) 
(H3(x) + 3xH2(x) H’(x))3 
(3 7) 
. 
Thus h”(y) -+ co as y --+ (RH3(R))) and so S= RH3(R). 
Now look for other singularities of g(y) on the circle of convergence 
1 yl = S. By (3.5), singularities are due to singularities of H(x) and values of 
y near which inverting y = xH3(x) uniquely is impossible. 
Let us consider singularities of H(x). We have 
(-l/3),+,(-2/3),+,? 42 (3n)!2” 
(l/2),+, 
where (a),=a(a+ l)***(a+n-- 1 ), the rising factorial. Thus (3.6) can be 







,F,(a, b; c; z) = 1 p z n 
n=O (c)nn! * 
The hypergeometric function has only the one singularity z = 1. This leads 
to y = s. 
Let us consider inverting y = xH3(x) on lyl = S with y # S. Thus x # R 
and so H is defined. By the implicit function theorem any singularities must 
be due to dy/dx = 0. We now use h’(S) # co. Since /i has non-negative coef- 
ficients, no singularity on jyl = S can dominate y = S and so h’(y) # co on 
( y( = S. By (3.4) 
At a singularity, dy/dx = 0 and so H’ = 0. Since dy/dx = H3 + 3xH’H*, 
H = 0. If y = 0 # S is a singularity with (~1 = S and p is the corresponding 
value of x, we have shown that h = (x - P)~ g(x) where k 2 1, g(p) # 0, and 
g is analytic near p. But then 
P(y)= 
dH/dx b-PF ytx) 
d(xH3)/dx=(x-p)3k-1 
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where f(p) # 0. This gives h’(p) = co, a contradiction. Hence no such 
singularity 0 exists. 
To apply Darboux’s Theorem we need to know the value of S and the 
behaviour of h(y) near y = S. This will come from (3.7) and properties of H 
deduced from (3.8). A relation of Gauss (see Norlund [37]) states 






(1 -z)‘-‘-* *F1(c- a,c-b;c-a-b-+1; l-z). 
By the well-known formulae r($ + t) r(i - t) = 7r set nt and tr( t) = I( t + 1) 
we obtain 
This obviously has a Taylor series elxpansion about z = 1 in powers of 
(1 - z)lj2 beginning 
0 ;-$1-z)+- 27 (1 - z)3’2. (3.9) 
Letx=R(l-<)andy=S(l-7). Sincey = xH3(x) is invertible near y = S, 
< is analytic in q near 0 and so by the above, (3.5) and (3.8), fi has a series 
expansion in powers of q . ‘I2 The coefficient of the lowest degree fractional 
power is what is needed for Darboux’s Theorem. By (3.7) and the 
boundedness of h’(S) this is the term in q312. From (3.7) with 
T= H(R) + 3RH’(R) and H= H(R), 
~“(~)-H”(x)/(HT)~ (3.10a) 
as y + S. From y = xH3(x) we have Rr-Sq/H2(R) T and so 
5-cWT. (3.10b) 
From (3.8) and (3.9) 
9 -4 ,hd2t3” H”(x)-; 27 dxz=2- a d2t312 -4$ 5-l,2 
3R dc2 
(3.1Oc) 
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Combining (3.10) we obtain 
J 3 S2 drj312 
3R2H7/2T5/2 dy2 - 
Thus 
where “...” is a power series in q112 beginning with q2. By Darboux’s 
Theorem 
From (3.8) and (3.9) H(R) = 9/8 and H’(R) = 81/16. Thus S = 
RH3( R) = 27/256 and T = H(R) + 3RH’( R) = 9/4. Since I( - i) = $2/;;, 
Ii,- 
This could have been derived directly from Tutte’s [49] formula 
hn+1= 
2(4n + 1 )! 
(n + 1)!(3n + 2)!’ 
(3.11) 
(3.12) 
but our derivation illustrates methods that are used when the explicit for- 
mula is not available. 
Note that if only the radius of convergence is required the analysis is 
very much simpler. This will be the case with most of the results in Sec- 
tion 6. 
Let us now consider a problem with a generating function of two 
variables. These results have not previously been published. The problem is 
to give asmptotic estimates for the number of 3-c triangulations with 2n + 1 
internal faces containing m copies of a given 3-c triangulation T1 with 
2j + 1 internal faces. We say that a 3-c triangulation T contains a copy of 
T, if there is an interior S-cycle of T which is the boundary of a 
triangulation isomorphic to T,. Now a triangulation with more than 3 ver- 
tices is simple (or equivalently 4-c) if and only if it does not have a 
separating 3-cycle, that is an interior 3-cycle with a vertex in its interior. 
Hence to every rooted 3-c triangulation there is a unique 4-c triangulation 
S from which it is derived by inserting 3-c triangulations into faces of S. 
Let t(x) denote the generating function for rooted triangulations and s(x) 
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that for rooted simple triangulations (the 3-cycle itself is not considered 
simple), i.e., 
t(x)=x+x3+ *-- 
s(x) = x3 + * - * 
where the power of x denotes the number of internal faces (and hence is 
always odd). Then 
s(t(x)) = t(x) -x. (3.13) 
Furthermore, if fj(x, y) denotes the generating function for aj(n, m), the 
number of rooted 3-c triangulations with 2n + 1 internal faces, and m 
copies of T1 with 2j + 1 internal faces, then (since T1 itself is counted by 
tj(x, Y)) we have 
S(tj(X,Y)-X2’+1+YX2j+1)=tj(X,Y)-X* (3.14) 
From (3.13) we have s(x) = x - t- l(x) and this relation plus (3.14) gives 
tj(X,Y)=t(X+(y-l)X”+‘)+(l-y)X”+‘. (3.15) 
The function t  can be described explicitly. By the definitions of h and t  




We now define the term “central limit” theorem. Given a sequence 
a(n, m) of non-negative numbers we associate the normalized sequence (the 
roles of n and m may be interchanged in what follows) 
44 4 
p(n’ m, = Cn a(n, m)’ 
We say that a(n, m) satisfies a central limit theorem with mean m, and 
variance B, if 
sup 
Xtl 
C p(n, -)-*{y exp (2) dtl=o(f). 
mGm,+x, 03 n 
See Bender and Richmond [33 for the generalization to several dimensions. 
Note that a central limit theorem does not give asymptotic information 
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about the p(n, m) directly; rather it gives information about sums of the 
Ph m)* For example, a(n, m) equal to 0 for evern m and n!/(n -m)! ! for 
odd m satisfies a central limit theorem. Nevertheless, it does give infor- 
mation about moving averages of a(n, m) and shows that most of the con- 
figurations counted by Cm a(n, m) have m =m, + O(a). If one has 
enough information about the generating function for the a(n, m) then one 
can show that a(n, m) satisfies a central limit theorem. T do this it is again 
necessary to investigate the singularities of the generating function and its 
behaviour near these singularities. If we write hj(X2, y) = Xfj(X, y) + 1, let 
z =x2, and use (3.15) and (3.16), we obtain 
= h(z(1 +(v- l)zj)2)- 1, 
and so by (3.17) 
Now this 3 I;; has only one singularity in the complex plane (it is regular at 
the origin) so the singularities of h’(z, y) satisfy 
27 
z(l+ (y- l)z’)Z=256=R. (3.19) 
Furthermore it is known (Norlund [37, Eq. (1.29)]) that near w  = 1 this 
3 F2(...; W) has an expansion of the form 
C ai(l -W)i+ (1 -W)3’2 C bi(1 -W)‘, b,#O. 
ia i>O 
(3.20) 
The values of ai and bi are not required, we need only know that the series 
converge in a neighbourhood of one and hence represent analytic functions. 
Let y = es and let T(S) be the singularity of f;i (z, eS) nearest the origin as a 
function of z. It follows from (3.19) that r(0) = R = 27/256 and T(S) is a 
well-defined analytic function for IsI small enough. Furthermore from 
(3.18) and (3.20) near z = r(s) 
I;j(z, 8) =fl(z, s) + 1 ---$ ( ) 
312 
f2b 4, 
J;:(z, 3) = c A,,(s) (1 --g 
p=o 
A2,oW # 07 
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where the J;:(z, s) are analytic functions of s and z. Now there is an E > 0 
such that for IsI sufficiently small r(s) will be the only singularity of hj(z, 8) 
for lzl f r(0) + E. Thus f;:(z, s) has a larger radius of convergence (as a 
function of z) than hi(z, es) so the coefficients of zn in hj(z, 8) are 
asymptotic to those in 
(1 --$)3’2 f ~,,(~) (l--3. 
p=o 
(3.21) 
Now A 2,o(s) is analytic and Y(S) is analytic so Corollary 1 of Bender and 
Richmond [3] gives that the number of triangulations Uj(n, m) satisfies a 
central limit theorem with mean nh and variance no2 where 
r’(0) 2 r”(0) P w c2 = -r(O)’ = r(O) ( ) 
-- 
r(O) *
The values r’(0) and r”(0) may be found by differentiating (3.19) implicitly 
with z = r(s), y = es. The result is 
p=$+=Z(&-)i 0’=2(&)/-(8j+2)(g)U (3.22) 
Thus we conclude that almost all rooted 3-c triangulations with 2n faces 
have 2n(27/256)’ + O(p(n)) co ies of a given 3-c triangulation T1 with p’ 
2j + 2 faces for j > 1 whenever p(n) = w(d). Furthermore if one considers 
the number of 3-c triangulations a,(m,, m2,..., m,) with 2n faces, m, copies 
of T,, m2 copies of T2,..., md copies of Td, it can easily be shown that the 
results of Bender and Richmond [ 31 apply and give that the a,(m 1 ,..., m,) 
satisfy a d-variate central limit theorem. Note that we do not need to 
evaluate the constants A,, in (3.21) for a central limit theorem. In this 
example if we interchange n and m we do not get a central limit theorem 
for a(n, m) with n varying since Cn a(n, m) = co but by taking x < R we can 
get a central limit theorem for a(n, m) P, i.e., for the weighted a(n, m), m 
fixed. (In fact it is possible to obtain a so-called local limit theorem for 
these weighted a(n, m).) 
By a local limit theorem we mean an asymptotic estimate for a(n, m), at 
least for m near the mean (as defined in the central limit theorem). Such an 
estimate is often obtained uniformly over extensive ranges of the 
parameters. If one has a central limit theorem, a local limit theorem follows 
by proving that the coefficients are “smooth” (say, log-concave). With 
almost all enumeration problems there has been no success in proving 
smoothness directly, so the only hope seems to be to show that the 
generating function satisfies stronger properties, see Bender and Richmond 
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[3] for the precise properties. We illustrate the principal difficulty by 
stating that in the last example it is necessary to show that with z = r(v) in 
Eq. (3.19) that Ir( JJ)~ > r( 1 yl ) for y # 1 yl. This is “certainly true” in this 
example but we do not see how to prove it. An example of a local limit 
theorem in planar enumeration, for qm,n given by (3.3), is in Bender and 
Richmond [4]. There an asymptotic formula for qm,n is given for + + E < 
n/md2- E which is uniform over the range for any positive epsilon. 
Establishing local limit theorems is usually difficult in planar 
enumeration. In a technical sense this is equivalent to applying the saddle 
point method for functions of several variables. Mullin, Richmond, and 
Stanton [35] apply the saddle point method to determine the asymptotic 
behaviour of 3-c cubic bipartite maps with 2n vertices. The saddle point 
method, see the Bruijn [ 191, is potentially useful when Lagrange inversion 
is used but gives complicated sums. The reason for this is that when 
Lagrange inversion is used one expresses the number of maps as (see the 
second paragraph of this section) 
Coeff of O”- ’ F(G) G”(O) O-” d0 
where the path of integration encloses the origin and no singularities of 
F( 0) or G(O). If the path of integration can be deformed to a path on 
which IG( @)I attains its maximum at a point O0 where G’(6),) = 0 then the 
saddle point method will give the asymptotic behaviour of the integral as a 
function of n and 0,. 
4. ENUMERATION OF ROOTED MAPS 
In this section we give references and very brief descriptions of the results 
in the enumeration of rooted maps. All maps in this section are rooted. We 
are mainly interested in whether or not estimates have been or can easily 
be worked out from the exact enumeration results. We consider one-, two-, 
or three-connected maps in this order. We consider triangulations 
separately, however. We then refer to some results on the enumeration of 
non-planar maps. Finally, we refer to a few results that do not fit into any 
of the categories. In this section the surface of embedding shall be the plane 
unless specified otherwise. 
The number of rooted connected maps with n edges has been determined 
by Tutte [54]. Since the answer is 3”(2n)! 2/(n!(n + 2)!), Stirling’s formula 
gives the asymptotic behaviour at once. Such is the case for rooted loopless 
connected maps with n edges, see Wormald [66]. This is also true for the 
number of rooted loopless connected maps with n edges and root vertex of 
582b/40/3-6 
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degree m, see Bender and Wormald [ 6). Wormald [66] establishes a one- 
to-one correspondence between these maps and 3-c triangulations with 
3n + 3 edges and root vertex of degree m. There are of course many 
asymptotic results for plane and plane planted trees because of their com- 
puter science interest. The results most closely related in method to the 
other results we have mentioned are Harary, Prins, and Tutte [27] and 
Tutte [53]. Tutte’s paper [52] gives a functional equation satisfied by the 
generating function for the number of rooted planar maps in which the 
outer face is an m-gon and the number of inner i-gons is ni (i = 1, 2,...). This 
is specialized to give the number of rooted maps with i + 1 vertices and 
j + 1 faces. Apart from the special case of rooted plane trees, no related 
asymptotic formulas have been worked out. 
The number of rooted 2-c maps with n edges is 2(3n - 3)!/(n!(2n - l)!), 
hence asymptotic estimates are available. We also saw in Section 3 that 
there is a sum formula for the number of 2-c rooted maps with n edges and 
root face of degree m. The asymptotic of this sum have not been published. 
Finally, Brown and Tutte [IS] give a simple formula for the number of 
rooted non-separable maps with i + 1 vertices and j + 1 faces from which an 
asymptotic formula follows easily. Tutte [54] also gives simple formulas 
for the number of bicubic maps (bipartite and regular of degree three; they 
are 2-c) with 2n vertices and for several other enumerative problems 
involving the valency of the root face and the number of other faces of the 
root face colour (assuming the map is 3-face coloured and these numbers 
are even). Asymptotic formulas follow easily for these numbers also. 
Tutte [54] gives an asymptotic formula for the number of rooted 3-c 
planar maps with n edges and an efficient recurrence for calculating these 
numbers. Mullin and Schellenberg [36] give an explicit formula for the 
number of 3-c rooted maps with m + 1 vertices and n + 1 faces which 
appears as (3.3) above. Bender and Richmond [43 have worked out the 
asymptotic behaviour of this number. Mullin, Richmond, and Stanton 
[35] have derived an asymptotic estimate for the number of rooted 3-c 
bicubic maps with 2n vertices. 
The number of rooted near-triangulations with m + 3 exterior vertices 
and n interior vertices, that is to say of type [n, m] (this notation is dif- 
ferent from that in Section 2), has been determined by Mullin [34] to be a 
simple expression involving factorials for n > 0 and m > 1. The number of 
2-c rooted triangualtions of type [n, m] has been determined by Brown 
[ 161 to be a simple expression involving factorials for n, m 2 0. Tutte [ 551 
has expressed the number of 3-c rooted triangulations of type [n, m] as a 
sum over one variable of positive terms (much like the sum in Section 3). 
Explicit formulas for the special cases of l-c, 2-c and 3-c rooted 
triangulations type [n, 0] have all been given and the asymptotics for fixed 
m as n + a have been published in these papers, respectively. A sum of 
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positive terms and an asymptotic formula for the number of 4-c rooted 
triangulations of type [n, 0] have been given by Tutte [SS]. 
Brown [ 131 considers the enumeration of non-planar rooted maps on 
connected compact 2-manifolds without boundary. He obtains an explicit 
formula, in terms of sums over one variable of positive terms, for the num- 
ber of rooted 2-c maps with n edges on the projective plane. He also 
obtains a similar explicit formula for the number of non-singular rooted 
maps with n edges on the projective plane. In these maps each face must be 
simply-connected. (A map is non-singular if the boundary of every face is 
non-singular. The boundary of a face is non-singular if it is not a loop and 
has the same number of distinct vertices as distinct edges.) The asymptotics 
have not been published; however, Wormald [67] has derived asymptotic 
formulas from these explicit formulas, thereby proving Brown’s conjecture 
that almost all 2-c rooted maps on the projective plane are non-singular. 
Walsh and Lehman [61, 621 have considered the enumeration of rooted 
maps on orientable surfaces of arbitrary genus. They give an algorithm for 
computing the generating function for the number of rooted maps of genus 
g with b + p edges and p + 1 vertices, The genus of a map is the genus of 
the surface of embedding. In [ 631 they do the same for the number of 
rooted 2-c maps of genus g. The asymptotics with fixed b and p as g -+ 00 
poses no problem once the generating functions are obtained since they are 
always rational functions. 
Various results on almost cubic maps, quadrangulations, and other 
special types of rooted maps are known. From Tutte’s results on slicings 
[57] it follows that the number of rooted Eulerian maps having n edges 
and k 2 3 vertices v, , v2 ,..., uk of specified valencies 2n,, 2n, ,..., 2nk, respec- 
tively, has a simple formula involving factorials. Maps of even valence are 
in l-l correspondence with rooted bicubic maps as defined in Tutte [54]. 
(If one contracts the faces of root colour in a bicubic map of [54] one 
obtains a regular map of even valence and the operation can be reversed to 
recover the bicubic map.) Hence there is a simple explicit formula for the 
number of rooted maps with v vertices, each non-root vertex of valence 2s, 
and root vertex of valence 2t. An admissible map is a rooted map with root 
face of arbitrary valence and all other faces trivalent and it is of type 
[n, m] if it has n faces of valence m. Mathai and Rathie [30] give a com- 
plicated explicit formula for the number of admissible maps of type [n, m]. 
The asymptotics have not been worked out. There is an extensive literature 
on dissections of convex polygons. (When the vertices are on the outside 
they may be regarded as trees by taking the dual and identifying all the 
endpoints at the vertex corresponding to the outside of the polygons.) We 
merely note that Doob and Barrett [21 J have studied dissections of convex 
polygons, They obtain a differential equation satisfied by the generating 
function and use Darboux’s method to obtain asymptotic formulas. 
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5. SYMMETRIES AND UNROOTED MAPS 
The possible symmetries of maps on a sphere or plane are rotations (the 
orientation-preserving automorphisms) and reflections about a line or 
point. On the sphere a map with n edges and without non-trivial sym- 
metries may be rooted in 4n ways since there are n choices for the root 
edge, two choices for the root vertex, and two choices for the root face. On 
the plane or disc a map having n exterior edges and without symmetries 
has 2n rootings since the root face is always the exterior face. In all the 
families of maps that have been successfully studied an exponentially small 
fraction of the maps have a non-trivial symmetry. In these cases an 
asymptotic formula for the number of unrooted maps in the family with n 
edges and, in the plane, m exterior edges can be obtained from the one for 
the number of rooted maps by dividing by 4n for the sphere or 2m for the 
plane or disc. In any case very good bounds for the number of unrooted 
maps can be given using the rooted map results. We shall first list and very 
briefly describe the results obtained by exact enumeration methods. We 
begin with the results when the isomorphism classes are defined by 
rotations only, i.e., the rooted maps are counted up to orientiation-preserv- 
ing isomorphisms only. We expect the results for unrooted maps to be dif- 
ficult since for rooted maps on oriented surfaces a homeomorphism which 
fixes the root edge and root vertex fixes the entire map. 
In this paragraph all numbers referred to shall be for rooted maps coun- 
ted up to rotational isomorphisms only. Perhaps it should be pointed out 
that in Brown’s work each allowed homeomorphism has the infinite face 
fixed. The number of 2-c maps with n edges and root face valence m has 
been determined explicitly by Brown [ 17). Brown [ 161 has also given 
explicit formulas for the number of 2-c triangulations with n interior and 
m + 3 exterior vertices (of type [n, m] ). Brown [ 151 does this for 
quadrangulations with n internal and 2m + 4 external vertices. In these 
papers it is shown that as n + co with m fixed almost none of the maps 
have a nontrivial rotational symmetry. Functional equations for the 
generating functions of the number of rooted maps being considered with 
an automorphism group of order Y, r fixed, are derived. These functional 
equations (which give efficient algorithms to compute the coefficients) are 
then solved to obtain explicit formulas for the coefficients. The number of 
rooted maps is then expressed, via Polya-type theory, in terms of these 
coefficients. Liskovets [28] gives an explicit formula for the number of 
planar maps with n edges, and Liskovets and Walsh [29] for the number 
of 2-c maps with n edges. Walsh [59] restated the latter result in terms of 
cycle index sums. It very easily follows from either of these formulas that 
almost all l-c, 2-c, or 3-c planar maps with n edges are rotationally asym- 
metric. Furthermore Walsh [59] gives recursive formulas for the cycle 
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index sum of 3-c maps. He uses the theory of composition of cycle index 
sums developed by Robinson [45] as a generalization of Polya’s counting 
theory and results from Walsh [60] to derive a recursive formula for the 
cycle index sum. 
For unrooted maps on the plane or disc there are a few results. There is 
the explicit result of Moon and Moser [32] on triangular dissections of n- 
gons (this can be regarded as a tree problem). There is also Brown’s [ 161 
enumeration of 2-c planar triangulations of the disc of type [n, m]; i.e., 
with n interior and m + 3 exterior vertices. Brown let R,,, denote the num- 
ber, up to all homeomorphisms of the disc (fixed infinite face), of 2-c 
triangulations of the disc of type [n, m], G,, the number, up to rotational 
homomorphisms, of rooted 2-c triangulations of type [n, m], K,,, the 
number of rooted 2-c triangulations of type [n, m] having a reflectional 
symmetry and for which there is an isomorphism fixing the root edge, and 
L,,, the number of rooted 2-c triangulations having a reflectional smmetry 
and for which there is an isomorphism fixing only the root vertex. Brown 
then points out that 
and derives functional equations allowing the recursive computation of 
G n,m 9 K,m, and L,, . Dn,O denotes the number of rooted triangulations of 
the disc with n interior vertices. It is shown that R,,, -D,,J6 as n + a, 
thus almost all 2-c triangulations of the disc of type [n, 0] are asym- 
metrical. Brown [ 151 treats quadrangulations the same way but does not 
succeed in showing that almost all quadrangulations are asymmetrical. 
Wormald [64, 671 gives an efficient algorithm for computing the number 
of unrooted planar maps; however, it has not been shown that almost all 
are asymmetrical from his results. 
The 3-c planar maps are expecially interesting in view of a theorem of 
Steinitz to the effect that a convex polyhedron is combinatorially 
equivalent to a 3-c map on the sphere (see Griinbaum [26]). (If we con- 
sider the maps on the plane we must consider transformations which do 
not fix the root face for this equivalence to hold.) There are no exact 
enumeration results for 3-c planar maps. However, Tutte [48] shows that 
almost all 3-c triangulations are asymmetrical, Richmond and Wormald 
[42] show that almost all 3-c maps with n edges are asymmetric. These last 
two papers are superseded by the paper of Bender and Wormald [S] in 
which it is shown that almost all 3-c planar maps with a given number of 
vertices and faces are asymmetrical, uniformly as both parameters 
approach infinity. The resulting asymptotic formulas for unrooted maps or 
equivalently convex polyhedra are stated in [S]. We describe very briefly 
the ideas in these papers since they may work for the 2-c and l-c cases also. 
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The starting point is that if a map has a non-trivial symmetry then a 
small part of the map (we would expect about one-half of it) determines 
the whole map. For example, suppose a map M with o vertices and f faces 
has a reflective symmetry about the line L. L slices M into two parts. From 
one of these parts can be constructed a map (a 3-c map as proved in [5]), 
called the slice with respect to L and denoted ty S. This is done by adding 
L so that the intersection of L with edges of M crossing L becomes vertices 
of S and the rest of L becomes edges and vertices of S in the natural way. 
Given S and a description of which vertices and edges belong to S and 
which to A4 then the chole of M may be constructed. The join is also 
important, constructed from one of the two parts of M by putting a vertex 
called the apex on the other side of L and then extending all the edges of M 
intersecting L at an interior point to the apex and joining all vertices of M 
on L to the apex. It is the r-join which is directly useful, constructed for 
r > 3 from the join by replacing the apex with an r-cycle in such a way that 
each edge incident with the apex is incident with a vertex of the v-cycle and 
so that each such vertex gets degree at least three. 
If 1 <flu < (3 + fi)/4, an estimate of the number of r-joins for suitable 
r, provided by the theorem in [S], and an estimate for the number of M 
constructable from S show that almost none have a symmetry. Let the 
number of vertices in S n L be d. If f/u > (3 + fi)/4 and d is small 
(precisely how small depends on f/u) the same approach works. For large d 
the slice is used. Again, given the slice and a description of its vertices and 
edges in L, the map A4 can be constructed so the estimation of the number 
of such slices is needed. The fact that there is no simple estimate for 3-c 
maps with v vertices, f faces, and a face of size CW, CJ > 0, causes a problem. 
This problem is overcome by using the simple estimate available for near- 
triangulations with u vertices and a root face of size CTU. It is possible to use 
this estimate since in this case the 3-c map can be constructed by removing 
a “fairly small” positive fraction of the edges from such a near- 
triangulation. The case f/u < 1 is covered by duality. 
The local limit theorem in [4] is not necessary for the analysis of [S]; 
an asymptotic estimate for the logarithm of the number of 3-c maps with u 
vertices and f faces is sufficient. Hopefully in other problems this would 
simplify the analysis. In cases where a rough upper bound for the number 
of maps of some type is required, a central limit theorem suffices. Another 
technical point arises since the local limit theorem, as is usually the case, 
applies only to 
and not to the whole range 4 <f/u < 2. The gap for maps with 
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2 - E <f/u < 2 is filled by estimating the number of such 3-c maps that can 
be constructed from triangulations with o vertices and from 3-c maps with 
ZJ vertices and (2 - E) 2, faces. The point is that such gaps can be filled to 
sufficient accuracy by purely combinatorial arguments. 
We close this section with a conjecture of Tutte [54] concerning squared 
rectangles which could be stated to be that almost all squared rectangles 
are symmetry free. Recall that Brooks, Smith, Stone, and Tutte [9] have 
given a procedure for constructing the squared rectangles with n squares: 
Start with a 3-c planar map with n + 1 edges, replace one edge with a bat- 
tery, consider all remaining edges to have units resistance, and solve for the 
resulting currents. These currents are the sides of the squares in the squared 
rectangle. Tutte’s conjecture is that almost all such squared rectangles are 
free of symmetries. This is equivalent to: 
(1) Almost all 3-c maps with n + 1 edges are symmetry free (this is 
true, see [S] or [42]). 
(2) Almost no 3-c maps with n + 1 edges are self-dual. (This is true, 
it follows easily from the local limit theorem in [4] that almost no 3-c 
planar maps with n + 1 edges satisfy u =f.) 
(3) In the last stage of the above procedure for almost no 3-c maps 
are any of the resulting currents zero or equal on two different edges. (This 
has not been proved.) 
6. PROBABILISTIC SUBGRAPH THEORY FOR PLANAR MAPS 
The essential ideas behind most of the results surveyed in this section are 
contained if the following example. Let T1 denote a 3-c triangulation. We 
say, as in Section 3, that a triangulation T contains a copy of T, if there is 
an interior 3-cycle of T such that this 3-cycle and its interior are 
isomorphic to T,. Then Richmond and Wormald [43 J show that almost 
all 3-c triangulations with n faces contain at least cn copies of any given T1 
as n -+ 00 where c is a positive constant depending upon T1. In fact the 
mean (3.22) for the central limit theorem in Section 3 gives an explicit for- 
mula for the supremum of such c. Similar results in Richmond and Wor- 
mald are that if T1 denotes a 2-c triangulation, a 2-c 2-face colourable 
triangulation, or a 3-c 2-face colourable triangulation, respectively, then 
almost all 2-c 2-c and 2-face colourable, or 3-c and 2-face colourable 
triangulations, respectively, with n faces contain cn copies of T, as n -+ co. 
(Here c depends upon T, and the class of triangulations being considered.) 
In this section “almost all” may be replaced with “apart from an exponen- 
tially small fraction of’ unless stated otherwise and every almost all 
statement will hold for the rooted as well as unrooted case. 
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Before indicating the ideas in the proofs of these results we mention some 
consequences. Tutte (see ~r~nbaum [26]) found a counterexample T, to 
Tait’s conjecture that all 3-c cubic maps are Hamiltonian. It follows that 
almost all 3-c cubic maps are not Hamiltonian. In fact, the longest simple 
path in almost all such maps is at most (1 - c) n, where c is in the previous 
paragraph. Indeed the longest simple path in almost all 2-c or 3-c 
tringulations, or 2-c bipartite cubic maps with n vertices, is at most dn 
where d is a constant less than one (depending presumably upon the class 
of maps being considered). Consider Barnett’s conjecture that 3-c bicubic 
maps are Hamiltonian. It follows that if there is one ~ounterexample to 
Barnette’s conjecture then almost all such maps are counterexamples. 
Another consequence is that a proof of the four-colour theorem could be 
given by showing that the radius of convergence of the generating function 
for the 4-colourable 3-c triangulations equals the radius of convergence for 
3-c triangulations. The first consequence is quite different from the 
situation for regular graphs where it is widely believed that almost all cubic 
graphs are Hamiltonian and known that at least 98.4% are (see Robinson 
and Wormald [46-J). It is appropriate here to point out another difference 
between graphs and maps: almost no cubic maps with n edges are three- 
connected. Perhaps this is to be expected since 3-connectedness for maps 
rules out multiple edges. 
We now prove the first result directly from (3.1 S), without recourse to a 
central limit theorem. Regarding 
fj( X, Y) = x Uj( TZ, m )  X”yym 
as a function of X, let R, denote its radius of convergence. Let R denote the 
radius of convergence of 
t(x) = 1 a(n) xn. 
Note that a(n) = xM a(n, m) and, by (3.15), 
R=R,+ (y- 1) R:+l. (6.1) 
Since a(n, m) = 0 for all even n, we restrict n to be odd for the rest of this 
discussion. 





lim sup a(n)? (6.2) 
n-Pm 
We would like to replace the second “lim sup” by “lim” (with the con- 
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straint that n be odd). We show how to do this in the next paragraph. It 
follows that for all 0 <CC 1 and some A > 0 and E >O that 
yen 1 ai(n,m)<Cai(n,m)yM<A(l-E)na(n). 
m < cn ml 
If c is so small that y’> 1 -E, we see that an exponentially small propor- 
tion of the triangulations with n faces have less than cn copies of T,. 
We now return to the problem of proving 
lim sup a(n) ‘ln = lim a(n)lin. 
n+cO n-co (6.3 1 
One can apply (3.12), but this explicit information is not needed. The result 
follows from the positivity and monotonicity of a(n) (here a(n + 2) > a(n), 
since n is odd) and the fact that t(x) has only a finite number of 
singularities on its circle of convergence, which we observed earlier. To see 
that a(n + 2) > a(n) note that we obtain a triangulation with n + 2 faces by 
trisecting the face meeting the root edge and opposite the root face of a 
triangulation with n faces. 
The other probabilistic subgraph results in Richmond and Wormald 
[43] are proved in a similar way; however, the derivation of the relevant 
functional equation and the analogue of (6.1) may be more difficult. 
To see how this relates to Tait’s conjecture note first of all that a 
Hamilton cycle in a 3-c cubic map corresponds to a Hamilton face-cycle in 
the planar dual of the cubic map, which is a 3-c triangulation T. Second, a 
Hamilton face-cycle in T induces a Hamilton face-path in any copy of T, 
contained in T. Since there exist 3-c cubic maps without Hamilton paths 
(see Griinbaum [26]), if we let T, denote the dual of such a map we see 
that no T containing a copy of T, can be the dual of a Hamiltonian 3-c 
cubic map. Hence we have the first consequence mentioned. Indeed since a 
simple face-path must miss at least one face from each copy of T, we easily 
have that the longest simple path in a 3-c cubic map with n vertices is less 
than (l-c) n, c > 0. The other consequences concerning cubic maps are 
derived similarly. The consequences for triangulations are slightly simpler 
since we need not consider duals (there are 3-c triangulations without 
Hamilton paths, see Brown [lo], and such 2-c triangulations are easy to 
construct). 
We now mention some other related random map results in Richmond 
and Wormald [43]. Since every 4-c triangulation is Hamiltonian by Whit- 
ney’s well-known result (see Tutte’s generalization to 4-c maps [57]) it is 
natural to ask how many of the Hamiltonian 3-c triangulations are 4-c. 
The answer is an exponentially small fraction. 
Almost all 3-c triangulations contain a copy of a 3-c triangulation with 
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N vertices (N fixed). Hence almost all 3-c triangulations with n vertices 
contain some triangulation with N or n - N vertices. In [43] it is shown 
that almost none of the 3-c triangulations contain a copy of any 
triangulation with between n213 +’ and n - n213 + E vertices. The question of 
the usual size of subtriangulations is more interesting when the sub- 
triangulations are 4-c. It is easily verified that each 3-c triangulation T is 
uniquely decomposable into 4-c components such that T is obtained from 
the components by identifying pairs of faces in a specified manner. A 4-c 
triangulation T, is one of the 4-c components of T if 2” contains a “super- 
copy” of T,, that is, T, with some of its faces triangulated into 3-c 
triangulations. Define p,(n) to be the probability that a random 3-c 
triangulation (with n vertices) has a 4-c component with at least m vertices. 
If m is bounded, then p,(n) + 1 as n -+ co and the best that is shown in 
[44] is that p,(n) + 1 as n + cc with r = O(ne2/3-E) and that p,(n) + 0 for 
r > 1 - c (for some c > 0). This leaves a substantial gap. 
The average number of rooted Hamilton cycles in a 3-c cubic rooted 
map has been determined asymptotically in Richmond [44] and grows 
exponentially with the number of edges. 
We conclude this section by mentioning a few results and old conjectures 
possibly related to a potential probabilistic proof of the 4-colour theorem. 
First of all there is the old conjecture of Birkhoff and Lewis [7] that if 
P( 7’, A) denotes the number of A-colouring of the 3-c triangulation T then 
for almost all T with n vertices 
Our first probabilistic subgraph result for 3-c triangulations proves that 
this conjecture implies the four-colour theorem (and seems stronger) since, 
if P( T, 4) > 0 for a proportion > exp( - o(n)) of the 3c triangulations with 
n vertices, then the 4-colour theorem easily follows. This conjecture seems 
related to the fact, pointed out by Baker [ 1 J, that truncating the linked- 
cluster expansion for the logarithm of the chromatic polynomial gives the 
Birkhoff-Lewis estimate. Unfortunately we know of no rigorous results 
along these lines. Another line of attack has been taken further. Tutte in a 
series of papers has considered the average number of 4-colourings of 
triangulations. From the point of view of asymptotic estimates we may say 
that these investigations culminated in a non-linear differential equation of 
the second order for the generating function of the sum of P( T, A) summed 
over all tringulations with 2n faces. Perhaps it is possible by considering 
the distribution defined by P( 7’, A) to show that P( 7’, 4) > 0 for a sufficient 
number of triangulations and thus prove the 4-colour theorem. Now 
P( T, 3) = 6 if T is Eulerian and 0 otherwise. Asymptotic estimates for the 
average value of P( T, 2) have been obtained by Richmond and Kasteleyn 
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[40] for 3L = r*, z = (1 + >)/2, by Ferch and Richmond [24] for A = z -*, 
and by Odlyzko and Richmond [38) for 2 E (38/l 1,4) u [S, co]. The 
results in [38] allow one to compute arbitrarily good lower bounds for 
C P( 7’, A) in the ranges indicated and show that the second moment for the 
ditribution defined by P( T, 7’) is exponentially large compared to the mean 
for the distribution defined by P( 7’, T*). Unfortunately it seems very likely 
(as at A= t*) that the average value of P( 7’, 4) greatly exceeds the normal 
order (if this normal order exists). Note that while the average number of 
rooted Hamilton cycles in a 3-c cubic rooted map grows exponentially the 
normal order is zero as we have proved in this section. 
7. OPEN QUESTIONS AND FUTURE RESEARCH 
We have mentioned several topics for future research in passing in 
previous sections. Here we will provide a more systematic discussion begin- 
ning with the more general questions. Although most problems are stated 
for planar maps, they usually can be asked for surfaces of any genus. In 
fact, very little is known about such questions. See Brown [ 131 and Walsh 
and Lehman [61-631. 
An important research topic is the creation of good systematic methods 
for deriving asymptotic estimates from the functional equations arising in 
map theory. This can almost certainly be done for central limit theorems. 
How to do it for local limit theorems seems illusive. The reader should be 
warned that Theorem 5 of Bender L-23 is not true without further 
assumptions. See Canfield [20] for a correct but limited result. Extending 
Canfield’s theorem would be useful. 
Wormald [67] has shown, by estimating Brown’s sums [13], that on 
the projective plane the number of 2-c rooted maps with n edges and the 
number of non-singular rooted maps with n edges are both asymptotically 
equal to 
As would be expected, the (27/4)” factor appears in planar enumeration of 
such maps, but n - ‘I4 is replaced by n - 5/2, which is common in rooted 
planar enumeration. This leads us to conjecture that the number of a type 
of map with n edges on a fixed surface is asymptotic to 
Cn”R-” 
where R depends only on the type of map, o! depends only on the genus of 
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the surface, and C depends on both. Due to the paucity of non-planar 
results, there is currently little evidence to support this conjecture. The 
statement concerning R seems tractable. The determination of a may be 
possible using standard asymptotic tools and clever insight. 
Another general problem is the question of rooted versus unrooted 
enumeration. It is natural to conjecture that almost all maps of a given 
type are asymmetric. A general result along these lines would be a fantastic 
boon, but it appears that a major insight would be needed. 
We now turn to those questions which deal with particular classes of 
maps. Of course, we cannot begin to list all the possibilities. 
The asymptotics for several functions of two variables such as the num- 
ber of 3-c rooted near-triangulations of type [n, m] has often been only 
worked out for fixed m as n -+ co. Several such missing asymptotic results 
were pointed out in Sections 4 and 5. Working these estimates out in some 
cases is fairly routine, in others quite diflicult. 
Another problem is to give a local limit theorem for the number of 3-c 
triangulations with 2n faces containing a given triangulation. Of course, 
one can ask similar questions for 2-c triangulations, etc. 
It appears far from routine to show that almost all 2-c maps with n faces 
and m vertices are asymmetrical. This would give an asymptotic formula 
for the number of unrooted 2-c maps with n faces and m vertices. The same 
problem arises for 1 - c maps. We showed at the end of Section 6 that 
almost no 3-c planar map was self-dual. Since the derived map (in Tutte’s 
terminology) of a self-dual map has a non-trivial symmetry it should be 
possible to prove at least that an exponentially small fraction of l-c, 2-c, 
and 3-c maps with n edges are self-dual. (If only rotational isomorphisms 
are taken into account the definition of a self-dual map is altered. With this 
altered definition the conjecture has been proved for l-c maps by Liskovets 
[28] using his explicit formula which even gives an asymptotic formula for 
the number of such self-dual maps.) One could give a long list of problems 
such as to prove that almost all quadrangulations are asymmetric (this is 
equivalent to a similar statement for 2-c maps), almost all bicubic 3-c maps 
are asymmetric, etc. 
The results in the probabilistic subgraph theory of Section 6 must have 
many analogues. For example, surely almost all l-c, 2-c, and 3-c maps with 
n faces contain cn copies of a particular l-c, 2-c, or 3-c map, respectively. Is 
it true that almost all 3-c cubic maps with n vertices contain a simple path 
of length at least cn, c > O? (This is not true for all such maps, see Grun- 
baum [27].) The possibility of probabilistic proofs of the 4-colour theorem 
and of Barnette’s conjecture (if true) should be investigated. 
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